We study phenomenologically the invariant mass spectra of scalar dipion states produced in cascade decays of excited Υ and ψ, and J/ψ decays into light vector meson. Dipion production amplitude is given as a product of the Born term and an effective scalar form factor written in terms of a unitarized chiral theory. The model reproduces the experimental mass spectra very well.
Introduction
In the last year, the dipion production in the cascade decays of excited Υ and ψ were studied by Ishida et al. [1, 2] , and the J/ψ decays into φππ and ωππ by Meissner and Oller [3] . While the former authors used the preexisting σ meson expressed by the Breit-Wigner formula with appropriate dipion backgrounds, but the latter authors regarded the σ state as the ππ rescattering effect, which cannot be expressed by the Breit-Wigner formula. The existence of the σ meson near 500 MeV has long been an unsettled question in controversy, though it is listed again as the f (600) state in the PDG 2002 [4] .
It is claimed by Ishida et al. that the σ(500) meson is more clearly seen in production processes such as heavy quarkonium decays than the scattering processes, and that production amplitudes should be reanalysed independently from scattering ones by taking account of the effect of direct σ-production [1, 2] . On the other hand Au, Morgan and Pennington state that the production amplitudes should be proportional to scattering amplitudes with adjustable functions real on the physical cut [5] . Thus, this is another issue in controversy.
Since the dipion production vertex in the heavy vector meson decay is of the OZI-forbidden one, the dipion state is produced through complicated QCD dynamics, especially by the gluon dynamics as discussed by many authors in 1980's [6, 7, 8, 9] . They succeeded in reproducing the dipion mass spectra of Υ(2S) → Υ(1S)ππ and ψ(2S) → J/ψππ decays under the multipole expansion of the gluon fields. The dipion mass spectrum in the decay Υ(3S) → Υ(2S)ππ is also describable by the model. But they could not reproduce the mass spectrum of the decay Υ(3S) → Υ(1S)ππ, which shows a double peak structure with quick rising at the threshold. It was considered that the Υ(3S → 1S) decay is supplemented with a sequential decay mechanism [10, 11] , but it turned out that the sequential decay amplitude is too small to modify the amplitude so as to fit the data [12] . From phenomenological point of view their decay amplitudes are within the Born approximation, if the strong interactions in the final dipion states are not taken into account.
In this paper we propose another approach to describe the dipion mass spectra in the heavy quarkonium decays. Since the QCD dynamics is very complicated, we start with a phenomenological Lagrangian, calculate the production amplitude in the Born approximation and then incorporate the final state interaction into the model as the rescattering correction to the Born amplitude in order for the total production amplitude to satisfy the unitarity relation. The validity of this form of the production amplitudes is shown in the dipion production processes by the two-photon collisions and the radiative φ meson decays [13, 14, 15] . In this approach the σ state need not be introduced as the preexisting meson, but appears as a rescattering effect in ππ scattering, the amplitudes of which are give by unitarized chiral theories starting with the chiral perturbation theory (ChPT) [16, 17, 18, 19] . We use here the two-channel scattering amplitudes developed in a previous paper [19] . We emphasize that this rescattering effect produces a clear broad bump centered at 500 MeV in the ππ scattering cross section without any Breit-Wigner formula. This picture on the σ state would be shared with the authors of Refs. [20, 21, 22, 3] . The f 0 (980) state appears as a typical bound state resonance born in the KK channel in our model, and then has more stronger coupling to the KK channel than the ππ channel [19] .
We summarize our results here.
1. The Born terms play a crucial role to reproduce the mass spectra in the Υ decays, since the effect of the final state interaction is weakly dependent on the invariant dipion mass below 600 MeV. The model reproduces very well the experimental data [23, 24, 25 ].
2. The essential feature of the J/ψ → φππ decay is due to the lack of the Born term, because the direct production of ππ accompanied by φ is of the double OZI-forbidden process. Only the f 0 (980) resonance is clearly seen below 1GeV as in the experimental data [26] .
3. The J/ψ → ωππ decay involves the sequential decay J/ψ → b 1 (1235)π → (ωπ)π besides the direct J/ψ → ωππ decay. Though the sequential decay amplitudes are restricted to the Born approximation, the sum of the two amplitudes reproduces a peak at 450 MeV and an up-down structure near the f 0 (980) resonance as in the experimental data [27] .
We explain our model and the kinematics in the next section, and discuss the dipion mass spectra in the cascade decays of excited heavy vector mesons to the ground states in Sec. 3, and those in the J/ψ decay to light flavor vector mesons in Sec.4. The concluding remarks are given in the final section.
Model and kinematics
We explain our model and summarize the kinematics and notations by considering a decay process V A → V B + ππ, where the initial (final) vector meson has a mass M A ( M B ), the four momentum p A (p B ), and the final pions have momenta q 1 and q 2 , the sum of which is denoted as Q = q 1 + q 2 , and the square of the invariant mass of the dipion is written as s = W 2 = Q 2 . We discuss the process in the dipion rest frame, called as the Q-frame hereafter, where the spatial momentum Q = 0. In this frame we have p A = p B ≡ p, and put the positive direction of the z−axis in the Q-frame equal to p. The energies and momenta of the vector mesons are given as
3)
The spin of V A is polarized perpendicular to the beam direction in the laboratory frame, where V A is produced at rest [23, 24] . In order to go to the Q-frame from the laboratory one, we have to boost V A by p. The boost transforms the polarization vector ǫ µ A (0, z), say V A is polarized to the z-direction in the laboratory frame, to
4)
wherep i is the cosine of p to the i-th axis of the laboratory frame, and ǫ where we assume that the amplitude M µν does not depend on Ω * directly, F (λA,λB ) (s, Ω) is the dipion production amplitude with the helicities (λ A , λ B ) in the Q-frame, Ω * denote the angles of p B in the laboratory frame and Ω those of q 1 in the Q-frame. The invariant mass spectrum is written as
where p * B is the V B momentum in the laboratory frame, and q 1 the one of the pion momentum in the Q-frame;
Thus, in order to study the invariant mass spectra we can construct decay amplitudes as if the initial vector meson is unpolarized in the Q-frame. The Ω * distributions in the laboratory frame could be left
Let us define the sign and normalization of the production and scattering amplitudes written in the two-channel formalism consisting of the ππ and KK channels with the suffix 1 and 2, respectively. The two-channel S-wave isoscalar scattering amplitudes T ij (s) are defined as follows:
with m 1 (m 2 ) being the pion (kaon) mass, The unitarity relation is then written as
The S-wave isoscalar dimeson production amplitude, denoted as F i (s), must satisfy the following unitarity relation, ImF
Next task is to search for a suitable model guided by the experimental data. We construct the model as follows: Since the experimental data show that the D-wave contamination is very small [23, 24] , we search a model in which the helicity flip does not occur at the vector meson vertex. Thus, the initial and final vector mesons play like a spectator in the Q-frame, since both of the momentum and helicity are conserved throughout the decay. According to the experimental data we can see that both in the decays ofΥ(2S) → Υ(1S)ππ [24] and Ψ(2S) → J/ψ(1S)ππ [25] the invariant ππ mass spectra increases very slowly as if the D-wave production. On the other hand the decays Υ(3S) → Υ(2S) and Υ(3S) → Υ(1S) show the threshold behavior consistent with the q-like rising [23] . In order to describe such various threshold behaviors we borrow the form of the effective Lagrangian from the argument by Meissner-Oller [3] , and write it as
where S(x) is the scalar current expressed in terms of the dipion and KK fields, and uncorrelated part of S(x) could be approximated as i π i (x) 2 as the Born Approximation. We note that all of the pieces of L are discussed in the paper by Meissner-Oller, and that the resultant production amplitude by the g 0 term turns out to be similar to theirs. The isoscalar Born amplitude is derived from the above Lagrangian as
Note that the Born amplitude depends on Q but not on q i , and then the helicity flip is forbidden In the Q-frame. Taking one of the constants, say g 1 , as the overall normalization constant, the shape is determined by the two ratios, g 0 /g 1 and g 2 /g 1 .
In order to take into account the correlation between the dipion fields through the final state interaction and to construct the total production amplitude F i (s), we take the following solution of the unitarity equation Eq.
is the Born term of the i−th channel, and we omit the suffix i, since B 
Since the Born term depends only on Q and not on each of q 1 or q 2 , I (λ,λ) i (s) is factorized into the Born term and a two-point loop integral as
where J i (s, µ) is the loop integral familiar to ChPT, and we choose the scale parameter µ equal to the same value √ e × 0.6 = 0.989 GeV as taken in Ref. [19] . Thus, the total production amplitude is simply written as a factorized form, 
where the second term of B (0,0) comes from the last term of Eq.(2.14). Since the vector meson masses M A and M B are much larger than the maximum of the dipion mass, the coefficients of (g 1 s − g 0 ) and g 2 are almost 1. We show the Born amplitudes in Fig.1 . The threshold suppression is realized by the condition 0 < g 0 /g 1 < 4m 2 1 and g 2 = 0. We note that the Voloshin-Zakharov formula is written as F ∝ (s − λm 2 1 ) [6] and the fitting to the data gives λ = 3.11 ∼ 3.42 [24] . The threshold rising and the double peak structure is obtained by adjusting g 1 and g 2 . For example the choice of g 2 /g 1 = 2 gives the double peaks at about W = 0.44 GeV and 0.85 GeV and the minimum at 0.68 GeV. The dominant contribution to the second peak comes from the transverse helicity amplitude, while the first peak is due to the longitudinal helicity one. Fig.1 The next task is to examine the total production amplitudes. As explained in the preceding section the production amplitude is factorized into the Born and the rescattering term;
where the ss production rate is taken to be the same as the nn one (n = u and/or d) except for the mass difference between the pion and kaon as in the scattering processes. G i (s) satisfies the same unitarity relation as the scalar form factor, 5) and the rescattering correction without the kaon-loop,
is very similar to the existing scalar form factor such as in [3] as shown in Fig. 2b . Thus, G i (s) could be regarded as the effective scalar form factor of the i−the dimeson channel. The absolute value of |G 1 (s)| is rather flat for the mass range of the cascade decays as shown in Fig. 2a , and then the shapes of the mass distributions given by the Born terms are not so drastically altered.
Fig.2
Our model can reproduce the experimental data very well as shown in Fig.3a to 3d, though these are not the best fits, where g 1 is chosen so as to normalize the calculated values to the experimental data. The values of g n are tabulated in Table I . As to Υ 21 and ψ 21 g 0 /g 1 is required to be near to the value of Voloshin and Zakharov, and g 2 /g 1 be small, and then we set tentatively g 0 /g 1 = 3.11m 2 1 for Υ 21 and 3.42m 2 1 for ψ 21 , and g 2 /g 1 = 0.1 for Υ 21 and 0.15 for ψ 21 . The small differences among them should not be taken seriously at present. In order to give the rapid rising at the threshold in Υ 31 , we need to take a large contribution from g 2 term; we set g 2 /g 1 = 1.25 with g 0 /g 1 = 3.11m 2 1 . The helicity structure of the double peaks is the same as in the Born approximation. The shape of Υ 32 is rather sensitive to the value g 0 /g 1 < 2m 2 1 under a small value of g 2 . Since the difference between the experimental exclusive and inclusive data is not small, we try two cases that g 0 /g 1 = 2m 2 1 and 0 in Fig. 3 c) It is seen that the values of the two coupling constant ratios are not so deviated from those of the Born approximation as stated before. Although we reproduce the experimental data well, it is mysterious within our phenomenological approach why g 2 is large only for Υ 31 , or why g 1 is very big for Υ 32 . Fig.3 and Table I 4 J/ψ decays to φ(ππ) and ω(ππ)
The experimental dipion mass spectrum of the final φππ state is much different from that of the ωππ state; there is seen a clear peak of the f 0 (980) resonance in the former [26] , while we see a large broad peak centered at about 450 MeV and a small dip-bump structure at the KK threshold in the latter state [27] . Since the charm quark lines annihilate and ss or nn pair is created at the vector meson vertex in the J/ψ decay into a light flavor vector meson, the spectator assumption may be doubtful. Nevertheless we use the same Lagrangian and the same model of the final state interaction, but we take account of the sequential decay process through the axial vector meson b 1 (1235), J/ψ → b 1 π → ω(ππ).
If we take only the g 0 term as in [3] , the resultant amplitudes are proportional to G 1 (s) for the J/ψ → ωππ decay, and to J 2 (s)T 21 for the φππ decay. Both amplitudes, however, seem to give too large contributions in the f 0 (980) resonance region, so we introduce the g 1 term to reduce the contributions near 1 GeV. We take the parameter set, g 1 /g 0 = 0.7 with g 2 = 0, tentatively. The overall normalization is controlled by the constant g 0 . The Born terms in this parameter set generate a broad peak centered near 500 MeV and suppress the spectrum near 1 GeV for the ωππ decay, that is pleasant for the model But they also produce another large peak near 2 GeV. It turns out, however, that the rescattering correction, G 1 (s), suppresses the second peak drastically, though the rescattering correction could not be trusted in such higher energies. Thus, the validity of the model would be guaranteed for low energy S-wave production below 1.2 GeV or so, but the uniqueness of the parameters is not guaranteed.
J/ψ → φ(ππ)
The dipion mass spectrum of this decay is similar to the one of the radiative φ meson decay [13] , and the prominent peak is seen at about 1 GeV as the f 0 (980) resonance [26] . If the φ meson is the pure ss state, the direct ππ production accompanied by φ is of the double OZI breaking vertex. The two channel production amplitudes with the lowest OZI breaking vertex are, therefore, written as
where we notice that F 1 does not have the Born term.
If the double OZI breaking interaction is allowed, the above formula are modified as where α denotes an additional OZI breaking rate. The calculated result on the π + π − invariant mass spectrum is shown in Fig. 4 , where we take α = 0.2, and the overall normalization is fixed at the f 0 (980) peak. If the double OZI breaking is forbidden, that is α = 0, the small enhancement disappears. The too steep rising of ππ mass spectrum at the f 0 (980) resonance is due to the defect of our T 11 (s) of Ref. [19] , where the phase shift δ 00 increases too rapidly near the KK threshold. This defect also induces a too sharp and large peak in T 12 . 
J/ψ → ω(ππ)
While the branching ratio of J/ψ → ωπ + π − is (7.2 ± 1.0) × 10 −3 and ωπ 0 π 0 (3.4 ± 0.8) × 10 −3 , the branching ratio of J/ψ → b ± 1 (1235)π ∓ is (3.0 ± 0.5) × 10 −3 and b 0 1 (1235)π 0 (2.3 ± 0.6) × 10 −3 according the PDG data [4] . This implies that the sequential decay J/ψ → b 1 π → ω ππ cannot be ignored. We include both of the direct ω ππ decay and the sequential decay process in the game.
The direct production amplitude is given under the same spectator hypothesis as where we note that KK production accompanied by ω does not break further the OZI rule. We show the mass spectra by the direct production amplitude in Fig.5a ) and b) by the dotted lines, both of which are the same except for the normalization. The spectrum shows a broad peak near 450 MeV and the up-down structure near the KK threshold.
The sequential decay amplitude is calculated as follows; we set the effective Lagrangian to describe the vertices J/ψ → b 1 π and b 1 → ωπ as
, ω µ (x)) is the J/ψ(b 1 , ω) field and we assume that both of the decays arise through pure S-wave at the rest frame of the mother particle. The Born term for the sequential decay is written as
where M b and Γ b are the mass and total width of b 1 , and
(4.9)
Summing the helicities of the intermediate b 1 meson, we have
where the dimensionless parameter R is the ratio of the direct to sequential term. The sequential decay amplitude includes the D-wave contribution, but we calculate only the S-wave part in the Born approximation in this paper.
The mass spectrum is calculated by the total amplitude,
If we compare the decay widths J/ψ → (b 1 π) I=0 and b 1 → ωπ calculated in the Born approximation with the experimental data, we can estimate the product of the two coupling constants as g ψb1π g b1ωπ = 2.53 × 10 −2 GeV 2 , where we take the values Br(J/ψ → (b 1 π) I=0 ) = 5.3 × 10 −3 and the S-wave partial width of b 1 as Γ S (b 1 → ωπ) = 100 MeV [4] . Setting R = 0.6, then, gives g 0 = 4.22 × 10 −2 GeV 2 , and R = 0.8 does 1.78×10 −2 . We show the mass spectra calculated by the model using the estimated coupling constants in Fig. 5 , but we do not compare the calculated mass spectrum with the experimental data, because the data include the D-wave contribution which could not be disregarded above 500 MeV. From Fig.5 we can observe that the S-wave mass distribution shows a large peak at about 450 MeV, the small structure at the f 0 (980) resonance and the increasing behavior of the sequential decay, all of which are consistent with the experimental data [27] . We also see that the interference between the two amplitudes is not ignored. Both the inclusion of the g 1 term and the interference reduce the higher energy side of the broad peak. 
Concluding remarks
We have developed the validity of our phenomenological model to describe the mass spectra of the dipion states produced in heavy flavor vector meson decays. We have shown that the model describes the mass spectra very well with the two ratios of the three coupling constants, and the overall normalization. The model takes account of the final state interaction between the produced dipion state through the two-point loop integral familiar to ChPT and the two-channel S-wave scattering amplitudes given by the unitarized chiral theory. The form of the total production amplitudes in our model is not proportional to the scattering amplitudes as in the so-called universal hypothesis, nor independent of the scattering processes. The model need not use the Breit-Wigner formula for any enhancements corresponding to the bump at 500 MeV and the f 0 (980) resonance, both of which are not preexisting meson states but the dynamical objects born in the multichannel scattering dynamics. The fact that the f 0 (980) peak is more clearly seen in the production processes than the scattering ones is due to the large coupling of the f 0 (980) state with the KK channel. Such a special effect is not expected for the σ state, because the KK → ππ amplitude in this region does not have any enhancement at all.We conclude that these decay processes cannot be more usefull to reveal the nature of σ state than the scattering processes deduced from the peripheral production processes. We again emphasize that the I = J = 0 ππ scattering amplitude obtained in the unitarized chiral theory generates the broad peak near 500 MeV without the preexisting σ field expressed by the Breit-Wigner formula [19] .
It is impossible to predict the ratios of the coupling constants and the overall normalization constants within our phenomenological model. The process dependence of the parameters could be analyzed through complicated QCD calculations, but this is far out of our scope.
The angular distribution of q 1 in the Q-frame indicates that the dipion state is not in pure S-wave state for Υ 21 and Υ 31 [23, 24] . It is also the case for J/ψ → ωππ [27] , where the angular distribution for W > 600 MeV shows a remarkable angle dependence like a D-wave contamination. As pointed out in Section 4, the D-wave component of the sequential decay J/ψ → b 1 (1235)π → ωππ would contribute substantially to the large tail of the f 2 (1270) resonance. Study on the D-wave contributions is also postponed.
We do not enter the calculation of the KK spectra in this paper, because there are ambiguous contamination of plural sequential decays such as J/ψ → K * (1270)K + c.c. and K * (1400)K + c.c. for both of the final states, φKK and ωKK. .According to the PDG data [4] the branching ratios are < 3.0 × 10 −3 for the former and (3.8 ± 1.4) × 10 −3 for the latter decay channel. Both of the axial vector mesons cannot decay into the φK state, but it could couple to it. The pure direct decay component gives a rapid threshold rising and then decreasing behavior in the KK mass distribution. This is due to a peak behavior of T 22 near the KK threshold owing to the f 0 (980) state. Similar threshold rising behaviors are seen γγ → KK and φ → γK 0K 0 [13] . b) The mass spectrum of Υ 31 with g 2 /g 1 = 2 and g 0 /g 1 = 3.11m 2 1 . The dotted line is the longitudinal helicity part, the dashed one the transverse one, and the solid one the total cross section. c) Υ 21 with the same g 0 and g 1 but g 2 /g 1 = 0.1. The dotted line near the solid one is the Voloshin-Zakharov formula with λ = 3.11. d) Υ 32 with the same g 2 /g 1 but g 0 /g 1 = 2m 2 1 . The scales of all of the ordinates are arbitrary, and those of the abscissae are GeV. [23] . c) Υ 32 with g 0 /g 1 = 2m 2 1 for the lower line and 0 for the upper one. The 'data' are from Figs.15 of [23] ). The normalization of the upper and lower lines are different. d) ψ 21 . The 'data' are read off from Fig. 2(d) of [1] .The original data of [25] are given as a function of the invariant mass squared. g n Υ 21 Υ 31 Υ 32 ψ 21 g 0 /g 1 3.11m 2 π 3.11m 2 π 2m 2 π 0m 2 π 3.42m 2 π g 2 /g 1 0.1 1.25 0 0 0.2 g 1 7.29 3.65 2.35 × 10 2 1.60 × 10 2 52.1 * Table 1 : g n for Fig.3 . The left column of Υ 32 gives the lower dotted line and the right one does the solid line. b) R=0.8 Figure 5 : The π + π − mass spectrum. The total amplitude gives the solid line, the pure direct production amplitude does the dotted one and the sequential decay term does the dashed one. The left side is the results at the relative ratio R = 0.6, and the right at R = 0.8. The scale of the ordinate is keV/GeV when using the value of g 0 estimated as explained in the text.
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